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The Exact Velocity Autocorrelation
Function of a Model System
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The velocity autocorrelation function of a particle in a model system with
realistic diffusion is calculated exactly and compared with the corresponding
result in the one-dimensional case. The method employed yields the result
of Lebowitz and Sykes in one dimension in a very simple manner.
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In general the exact calculation of the velocity autocorrelation function,
which is of interest in an analysis of nonequilibrium problems, is prohibitively
difficult. The only known such calculations deal with one-dimensional
systems studied, for example, in the papers by Jepsen'™ and Lebowitz and
Percus.® Although these one-dimensional models admit exact calculation,
they lack a certain measure of realism in contrast with actual physical
situations in three dimensions. For example, although one finds an exact
diffusive behavior, the physical interpretation of this diffusion is quite unlike
that occurring in systems of physical interest. This is because in a one-
dimensional world no particle can go around its neighbors; and yet this is
precisely the characteristic of the one-dimensional world which makes the
exact solution possible.

We calculate below the exact velocity autocorrelation function of a
simplest possible model in which the interpretation of diffusion has a more
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physical character, in that the one distinguished particle is able to go around
others. The model we consider is an infinite system of very thin, hard rods
(needles) of length ¢ moving in a two-dimensional strip infinite in one of the
directions, the x direction. Initially the x coordinates are randomly distri-
buted. The y coordinates of all the rods except the one distinguished rod
are equal. This exceptional rod is further distinguished by having a nonzero
y component of the velocity, while all the other rods have their v, = 0. The
distribution of the x component of the velocities is chosen to be the same as
in Ref. 3 (studied also in Ref. 2), namely that each rod is equally likely to
have v, = +c¢ or v, = ~—c independently of all the other rods. Initially all
rods are chosen to be parallel and pointing in the y direction. The effect of
the interactions is merely the exchange of their x velocities whenever two
rods come into contact. Thus the distinguished rod keeps its y velocity, which
is a constant of the motion assuming periodic boundary conditions in the y
direction. It is assumed that all the rods are constrained against rotations
(infinite moment of inertia).

Without the one distinguished rod this problem would be a purely
one-dimensional problem identical with that studied in Ref. 3, where a
rather lengthy calculation leads to the following expression for the velocity
autocorrelation function:

h(t) = () v(0)) = cPe~>f 0y

where p is the constant density of particles. This same correlation function
follows much more directly from the observation that the process A7(z),
the number of collisions a chosen particle has undergone up to time ¢, is a
Poisson process with density pc. This statement follows from the fact (see
Ref. 4, p. 405) that the initial distribution of the particles along the line is
a Poisson process, i.e.,

POINQ) = k] = [(pA)/k!] e

where N()) is the number of particles in an interval of length A, and a result
due to Spitzer'® which states that such a process along the line is invariant
in time when the interactions among the particles are as we have described
above. Such a simple correspondence between the two processes .47(¢) and
N(A) is of course only due to the especially simple choice of the velocity
distribution, which has the property of assigning equal speeds to all the
particles. Exploiting this simplicity, one directly obtains the expression (1)
for i(z) as follows: Let the particle start with velocity ¢ at time ¢ = 0; then

Pi(t) = w00 = AP(+, 8, +,0) — P(—, ¢, +, 0)]

where P(-, t, -+, 0) is the probability of the particle having velocity 4-¢
at time ¢ and ¢ at time ¢ = 0, and v,(¢) is the random variable corre-
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sponding to the velocity of the particle at time ¢ given that the particle started
with velocity ¢ at time zero, i.e., v.,.(0) = 4-¢ with probability one:

(1) = F[P(AN(t) = even) — (P(H(1) = o0dd)]

—e[ ¥ (PI:t!) et Y <P£t!) o]

k even % odd
= cZe~*![cosh pet — sinh pct] = cPe—2ect

If the particle starts with either +¢ or —c at ¢t == 0, then (z) is the correlation
function of the random variable v(r) = av.(¢), where a is the random variable
with P(a = +1) = }and P(a = —1) = 1, so that

P(t) = <o) v(0)) = {@Pv.(1) v4(0)) = <a®}v (1) v:(0)>

= c2e—20ct

which is the same as the problem of the random telegraph signal in Ref. 6,
p. 288.
Now these same observations allow us to write down

() = <valt) v,(0)))

for the distinguished rod in the more general problem in the strip mentioned
above. Again let the initial v, = +c¢. For convenience we can arrange the
width of the strip such that the time intervals #;, and 7, during which time the
distinguished rod is within the interaction region and outside that region,
respectively, are equal, i.e., #; = f, = 7. This gives maximum simplicity
without sacrificing the essential features of the problem we want to study.
In terms of the geometric cross section of the rods = = 2d/v, and the strip
has width 4d. Clearly the two-dimensionality of the problem is illusory since
this can still be regarded as a one-dimensional problem where one particle
has an internal degree of freedom whose value at a given time determines
whether that particle is or is not available for interaction at that time.
Nevertheless, in the following we speak of this internal degree of freedom
as the y position.

Let « = y,/v, , with y, the initial y position of the distinguished rod. This
is randomly distributed between zero and 27, where o = 0 corresponds to
the initial y position such that the rod is just emerging from the interaction
region. Then for all initial positions such that 0 < o« < =

c? for 0<r<7—«
(1) == { cRe2ectt—rta) for 7 —a <Lt <2r—«
cletror for 2r—a <t <3 r—«

given_that the initial v, = +-c.
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In general for Qn + D7 —a <t < 2n+2)7— o, n=0,1,..., we
have

b (1) = HP[A (n7) = even] P[A'(t — 2n -+ 1) 7 + &) = even]
4 P[A (n7) = odd] P[A'(t — (2n + 1) v + o) = odd]
— P[4 (n7) = even] P[A(t — (2n + 1) 7 + o) = odd]
- P[A'(nt) = odd] P[A#(t — (2n + 1) 7 + a) = even]

= ¢¥e~""" cosh(npcr) eecli-Gnilirtad coshft — (27 + 1) 7 + «]

+ e~ sinh(npcer) e—ocli-Cribisralsinhft — 2n + 1) 7 -+ o]

— e~™¢7 cosh(nper) eeeli—@n+brtal ginh[t — 2n 4+ 1) 7 + «]

— e~meor sinh(nper) emeeli—2n+D74od cosh[t — (2n + 1) 7 + of}
— cze—an(:Te——-2pc[t—(2’n+1)~r+o¢]

and for the interval 2n + 2)7 — o« <t < (20 + 3) 7 — « we have

l;bu(t) — c2e——2np0‘re—20m‘

since for any 7 in this interval ,(t) must equal ,[(2n 4+ 2) 7 — «] from the
preceding interval.

Similarly when the initial y position is such that 7 < « < 27 it can
easily be seen that

zﬁ (t) _ 2200t for 0 <t < 2r — «
o c2e—2pc(21—0) for 2r—a <t <31~

and in general for the following time intervals (n = 0, 1, 2,...)
(1) = cle(2ntllaorg—Rocli—(2n+3)7], n+Dr—a<<t<2n+ 4T — o
and

P lt) = cle2nt2inerg—2o0r—), @+ Hr—a<<t< 2+ 5r—«

To obtain the final correlation function we must average () over all a. For
this purpose we need the expressions ¥;(o), i.e. the values of the correlation
functions for fixed time 7 as a function of the initial y position. These are seen
to be

c?, O0<ar—t
CZe—-ch(t—T'HM) r—t < x < T
(@) = cle2ect T aK2r—¢

e 2ora)  Dr —f Lo K 27
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for the first time interval 0 < ¢ < 7. Similarly for the second time interval
T < t < 27 we have

CZe—ZDE(t—'r—Hx}’ 0 < @ < 2r — ¢

b () = cle—orer 2r—t<a<"r
£ T p2p-2oetzr—a) r<a<3r—1t
cRe2wc(t—T), 3r—t <o <27

And in general for the odd time intervals 2nr < ¢t < 2n + 7, n =0, 1,..,,
we can write

cze—znpc-r, 0 < o < T — [t — 2717']

CBe—2noomg—2ocli—2nrta) r—{t—2nr] <a<7
hi() = c2e—2mocTg—200(t~2n) T <a<2r—[t— 2n7]

c2e—2npc're~2pc(27—-zx)’ 27 — [t — 21’17'] Lo L2

and similarly for the even time intervals Cn + Dr <t < 20 +2)

628—2npc-re—200[t—(2n+1)‘r+a], 0 < o < T o— [f — (21’1 -+ 1) 7.]

cze——Znacve~2pcr’ T — [t —_ (271 _i_ 1) ’T] < o < T
i) = (2o 2nptTg—200(27 ) r< a2 —[t—02n+1D7]

(B 2noctgtoclt=(2nil)r), Yr—[t— @+ D] <o <27

Finally, doing the required averaging, we obtain

27
) = (1[20) [ u(a) da
For the first time interval 0 < ¢ < = we get

1) = (E/27)(r — (L + ) + (c/27)(1 — &)

for the second time interval 7 < ¢ < 27 we get

l/l(t) — (02/2T)(t — ,r)(e—2oc(t—-7') + e—Zp(Vr) _l. (c/sz)(e—ZDC(t—T) _— e—2pcf)

and in general for Cnr) <t < Qn 4 D7

— _Cj —ZYLDCTS —200[t—2n7] L — g—20C[t—207]
1) = 5 e l[en + D7 — 111 + e ) o —e )
andforPun 4+ Dr <t < @n+2)7

2
h(t) = ;_.T e=2moct [t — (2 + 1) 7)(e—2eclt=@n+Dr] 1 g=200)

+ ,_1._ (e—ZDa[t—(Zn-E-l)‘r] _ e—zpc'r)
C
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Fig. 1

A plot of this function for 0 < ¢ < 27 is given in Fig. 1. Calculation of the
diffusion coefficient yields

D = $(c/p) + (c*r/4) coth pcr

If one restricts the initial y position of the distinguished rod to lie within the
interaction region, then one obtains for the diffusion coefficient D = ¢/p,
independent of 7 and precisely twice the value for the purely one-dimensional
case.
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